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Abstract. A generalised theory of gauge transformations is presented on the basis of the
covariant Hamiltonian formalism of field theory, for which the covariant canonical field
equations are equivalent to the Euler-Lagrange field equations. Similar to the canonical
transformation theory of point dynamics, the canonical transformation rules for fields are
derived from generating functions. Thus—in contrast to the usual Lagrangian description—the
covariant canonical transformation formalism automatically ensures the mappings to preserve
the action principle, and hence to be physical. On that basis, we work out the theory of
inhomogeneous local gauge transformations that generalises the conventional local SU(N)
gauge transformation theory. It is shown that massive gauge bosons naturally emerge in this
description, which thus could supersede the Higgs mechanism.
“Die Fruchtbarkeit des neuen Gesichtspunktes der Eichinvarianz ha¨tte sich vor allem am
Problem der Materie zu zeigen.” (Weyl 1919)
“The fruitfulness of the new viewpoint of gauge invariance would have to show up in
particular on the problem of matter.”
1. Introduction
The principle of local gauge invariance has been proven to be an eminently fruitful device for
deducing all elementary particle interactions within the standard model. On the other hand, the
gauge principle is justified only as far as it “works”: a deeper rationale underlying the gauge
principle apparently does not exist. In this respect, the gauge principle corresponds to other
basic principles of physics, such as Fermat’s “principle of least time”, the “principle of least
action” as well as its quantum generalisation leading to Feynman’s path integral formalism.
The failure of the conventional gauge principle to explain the existence of massive gauge
bosons has led to supplementing it with the Higgs-Kibble mechanism (Higgs 1964, Kibble
1967).
An alternative strategy to resolve the mass problem would be to directly generalise the
conventional gauge principle in a natural way. One way to achieve this was to require the
system’s covariant Hamiltonian to be form-invariant not only under unitary transformations
of the fields in iso-space, but also under variations of the space-time metric. This idea of
a generalisation of the conventional gauge principle has been successfully worked out and
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was published recently (Struckmeier 2013). In this description, the gauge field causes a non-
vanishing curvature tensor, and this curvature tensor appears in the field equations as a mass
factor.
With the actual paper, a second natural generalisation of the conventional gauge
transformation formalism will be presented that extends the conventional SU(N) gauge theory
to include inhomogeneous linear mappings of the fields. As it turns out, the local gauge-
invariance of the system’s Lagrangian then requires the existence of massive gauge fields,
with the mass playing the role of a second coupling constant. We thereby tackle the long-
standing inconsistency of the conventional gauge principle that requires gauge bosons to be
massless in order for any theory to be locally gauge-invariant. This will be achieved without
postulating a particular potential function (“Mexican hat”) and without requiring a “symmetry
breaking” phenomenon.
Conventional gauge theories are commonly derived on the basis of Lagrangians of
relativistic field theory (cf, for instance, Ryder 1996, Griffiths 2008, Cheng and Li 2000).
Although perfectly valid, the Lagrangian formulation of gauge transformation theory is not
the optimum choice. The reason is that in order for a Lagrangian transformation theory to
be physical, hence to maintain the action principle, it must be supplemented by additional
structure, referred to as the minimum coupling rule.
In contrast, the formulation of gauge theories in terms of covariant Hamiltonians—each
of them being equivalent to a corresponding Lagrangian—may exploit the framework of the
canonical transformation formalism. With the transformation rules for all fields and their
canonical conjugates being derived from generating functions, we restrict ourselves from
the outset to exactly the subset of transformations that preserve the action principle, hence
ensure the actual gauge transformation to be physical. No additional structure needs to be
incorporated for setting up an amended Hamiltonian that is locally gauge-invariant on the
basis of a given globally gauge-invariant Hamiltonian. The covariant derivative—defined
by the minimum coupling rule—automatically arises as the respective canonical momentum.
Furthermore, it is no longer required to postulate the field tensor to be skew-symmetric in
its space-time indices as this feature directly emerges from the canonical transformation
formalism.
Prior to working out the inhomogeneous local gauge transformation theory in the
covariant Hamiltonian formalism—the latter dating back to DeDonder (DeDonder 1930)
and Weyl (Weyl 1935)—a concise review of the concept of covariant Hamiltonians in local
coordinate representation is outlined in section 2. Thereafter, the canonical transformation
formalism in the realm of field theory is sketched briefly in section 3. In these sections, we
restrict our presentation to exactly those topics of the canonical formalism that are essential for
working out the inhomogeneous gauge transformation theory, which will finally be covered
in section 4.
The requirement of inhomogeneous local gauge invariance naturally generalises the
conventional SU(N) gauge principle (cf, for instance, Struckmeier and Reichau 2012), where
the form-invariance of the covariant Hamiltonian density is demanded under homogeneous
unitary mappings of the fields in iso-space. In the first step, a generating function of typeF 2 is
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set up that merely describes the demanded transformation of the fields in iso-space. As usual,
this transformation forces us to introduce gauge fields that render an appropriately amended
Hamiltonian locally gauge-invariant if the gauge fields follow a particular transformation law.
In our case of an inhomogeneous mapping, we are forced to introduce two independent sets
of gauge fields, each of them requiring its own transformation law.
In the second step, an amended generating function F 2 is constructed in a way to define
these transformation laws for the two sets of gauge fields in addition to the rules for the base
fields. As the characteristic feature of the canonical transformation formalism, this amended
generating function also provides the transformation law for the conjugates of the gauge fields
and for the Hamiltonian. This way, we derive the Hamiltonian that is form-invariant under
both the inhomogeneous mappings of the base fields as well as under the required mappings
of the two sets of gauge fields.
In a third step, it must be ensured that the canonical field equations emerging from the
gauge-invariant Hamiltonian are consistent with the canonical transformation rules. As usual
in gauge theories, the Hamiltonian must be further amended by terms that describe the free-
field dynamics of the gauge fields while maintaining the overall form-invariance of the final
Hamiltonian. Amazingly, this also works for our inhomogeneous gauge transformation theory
and uniquely determines the final gauge-invariant HamiltonianH3.
The Hamiltonian H3 is then Legendre-transformed to yield the equivalent gauge-
invariant Lagrangian density L3. The latter can then serve as the starting point to set up
the Feynman diagrams for the various mutual interactions of base and gauge fields. As
examples, the locally gauge-invariant Lagrangians that emerge from base systems of N-tuples
of massless spin-0 and massive spin-1
2
fields are presented.
2. Covariant Hamiltonian density
In field theory, the Hamiltonian density is usually defined by performing an incomplete
Legendre transformation of a Lagrangian density L that only maps the time derivative ∂tφ
of a field φ(t, x, y, z) into a corresponding canonical momentum variable, pit. Taking then the
spatial integrals results in a description that corresponds to that of non-relativistic Hamiltonian
point dynamics. Yet, in analogy to relativistic point dynamics (Struckmeier 2009), a covariant
Hamiltonian description of field theory must treat space and time variables on equal footing.
If L is a Lorentz scalar, this property is passed to the covariant DeDonder-Weyl Hamiltonian
density H that emerges from a complete Legendre transformation of L. Moreover, this
description enables us to devise a consistent theory of canonical transformations in the realm
of classical field theory.
2.1. Covariant canonical field equations
The transition from particle dynamics to the dynamics of a continuous system is based
on the assumption that a continuum limit exists for the given physical problem (Jose´ and
Saletan 1998). This limit is defined by letting the number of particles involved in the system
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increase over all bounds while letting their masses and distances go to zero. In this limit,
the information on the location of individual particles is replaced by the value of a smooth
function φ(x) that is given at a spatial location x1, x2, x3 at time t ≡ x0. In this notation,
the index µ runs from 0 to 3, hence distinguishes the four independent variables of space-
time xµ ≡ (x0, x1, x2, x3) ≡ (t, x, y, z), and xµ ≡ (x0, x1, x2, x3) ≡ (t,−x,−y,−z). We
furthermore assume that the given physical problem can be described in terms of a set of
I = 1, . . . , N—possibly interacting—scalar fields φI(x), with the index “I” enumerating the
individual fields. A transformation of the fields in iso-space is not associated with any non-
trivial metric. We, therefore, do not use superscripts for these indices as there is not distinction
between covariant and contravariant components. In contrast, Greek indices are used for those
components that are associated with a metric—such as the derivatives with respect to a space-
time variable, xµ. Throughout the article, the summation convention is used. Whenever no
confusion can arise, we omit the indices in the argument list of functions in order to avoid the
number of indices to proliferate.
The Lagrangian description of the dynamics of a continuous system is based on the
Lagrangian density function L that is supposed to carry the complete information on the given
physical system. In a first-order field theory, the Lagrangian density L is defined to depend
on the φI , possibly on the vector of independent variables xµ, and on the four first derivatives
of the fields φI with respect to the independent variables, i.e., on the 1-forms (covectors)
∂µφI ≡ (∂tφI , ∂xφI , ∂yφI , ∂zφI).
The Euler-Lagrange field equations are then obtained as the zero of the variation δS of the
action integral
S =
∫
L(φI , ∂µφI , x) d
4x (1)
as
∂
∂xα
∂L
∂(∂αφI)
−
∂L
∂φI
= 0. (2)
To derive the equivalent covariant Hamiltonian description of continuum dynamics, we first
define for each field φI(x) a 4-vector of conjugate momentum fields piµI (x). Its components
are given by
piµI =
∂L
∂(∂µφI)
≡
∂L
∂
(
∂φI
∂xµ
) . (3)
The 4-vector piµI is thus induced by the Lagrangian L as the dual counterpart of the 1-form
∂µφI . For the entire set of N scalar fields φI(x), this establishes a set of N conjugate 4-vector
fields. With this definition of the 4-vectors of canonical momenta piI(x), we can now define
the Hamiltonian density H(φI ,piI , x) as the covariant Legendre transform of the Lagrangian
density L(φI , ∂µφI , x)
H(φI ,piI , x) = pi
α
J
∂φJ
∂xα
− L(φI , ∂µφI , x). (4)
In order for the HamiltonianH to be valid, we must require the Legendre transformation to be
regular, which means that for each index “I” the Hesse matrices (∂2L/∂(∂µφI) ∂(∂νφI)) are
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non-singular. This ensures that by means of the Legendre transformation, the HamiltonianH
takes over the complete information on the given dynamical system from the Lagrangian L.
The definition ofH by Eq. (4) is referred to in literature as the “DeDonder-Weyl” Hamiltonian
density.
Obviously, the dependencies ofH and L on the φI and the xµ only differ by a sign,
∂H
∂xµ
∣∣∣∣
expl
= −
∂L
∂xµ
∣∣∣∣
expl
,
∂H
∂φI
= −
∂L
∂φI
= −
∂
∂xα
∂L
∂(∂αφI)
= −
∂piαI
∂xα
.
These variables thus do not take part in the Legendre transformation of Eqs. (3), (4). Thus,
with respect to this transformation, the Lagrangian densityL represents a function of the ∂µφI
only and does not depend on the canonical momenta piµI , whereas the Hamiltonian densityH
is to be considered as a function of the piµI only and does not depend on the derivatives ∂µφI
of the fields. In order to derive the second canonical field equation, we calculate from Eq. (4)
the partial derivative ofH with respect to piµI ,
∂H
∂piµI
= δIJ δ
α
µ
∂φJ
∂xα
=
∂φI
∂xµ
⇐⇒
∂L
∂(∂µφI)
= piαJ δIJ δ
µ
α = pi
µ
I .
The complete set of covariant canonical field equations is thus given by
∂H
∂piµI
=
∂φI
∂xµ
,
∂H
∂φI
= −
∂piαI
∂xα
. (5)
This pair of first-order partial differential equations is equivalent to the set of second-order
differential equations of Eq. (2). We observe that in this formulation of the canonical field
equations, all coordinates of space-time appear symmetrically—similar to the Lagrangian
formulation of Eq. (2). Provided that the Lagrangian density L is a Lorentz scalar, the
dynamics of the fields is invariant with respect to Lorentz transformations. The covariant
Legendre transformation (4) passes this property to the Hamiltonian densityH. It thus ensures
a priori the relativistic invariance of the fields that emerge as integrals of the canonical field
equations if L—and henceH—represents a Lorentz scalar.
3. Canonical transformations in covariant Hamiltonian field theory
The covariant Legendre transformation (4) allows us to derive a canonical transformation
theory in a way similar to that of point dynamics. The main difference is that now the
generating function of the canonical transformation is represented by a vector rather than
by a scalar function. The main benefit of this formalism is that we are not dealing with
arbitrary transformations. Instead, we restrict ourselves right from the beginning to those
transformations that preserve the form of the action functional. This ensures all eligible
transformations to be physical. Furthermore, with a generating function, we not only
define the transformations of the fields but also pinpoint simultaneously the corresponding
transformation law of the canonical momentum fields.
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3.1. Generating functions of type F 1(φ,Φ, x)
Similar to the canonical formalism of point mechanics, we call a transformation of the fields
(φ,pi) 7→ (Φ,Π) canonical if the form of the variational principle that is based on the action
functional (1) is maintained,
δ
∫
R
(
piαI
∂φI
∂xα
−H(φ,pi, x)
)
d4x
!
= δ
∫
R
(
ΠαI
∂ΦI
∂xα
−H′(Φ,Π, x)
)
d4x. (6)
Equation (6) tells us that the integrands may differ by the divergence of a vector field F µ1 ,
whose variation vanishes on the boundary ∂R of the integration region R within space-time
δ
∫
R
∂F α1
∂xα
d4x = δ
∮
∂R
F α1 dSα
!
= 0.
The immediate consequence of the form invariance of the variational principle is the form
invariance of the covariant canonical field equations (5)
∂H′
∂ΠµI
=
∂ΦI
∂xµ
,
∂H′
∂ΦI
= −
∂ΠαI
∂xα
.
For the integrands of Eq. (6)—hence for the Lagrangian densities L and L′—we thus obtain
the condition
L = L′ +
∂F α1
∂xα
piαI
∂φI
∂xα
−H(φ,pi, x) = ΠαI
∂ΦI
∂xα
−H′(Φ,Π, x) +
∂F α1
∂xα
. (7)
With the definition F µ1 ≡ F
µ
1 (φ,Φ, x), we restrict ourselves to a function of exactly those
arguments that now enter into transformation rules for the transition from the original to the
new fields. The divergence of F µ1 writes, explicitly,
∂F α1
∂xα
=
∂F α1
∂φI
∂φI
∂xα
+
∂F α1
∂ΦI
∂ΦI
∂xα
+
∂F α1
∂xα
∣∣∣∣
expl
. (8)
The rightmost term denotes the sum over the explicit dependence of the generating function
F µ1 on the xν . Comparing the coefficients of Eqs. (7) and (8), we find the local coordinate
representation of the field transformation rules that are induced by the generating function F µ1
piµI =
∂F µ1
∂φI
, ΠµI = −
∂F µ1
∂ΦI
, H′ = H +
∂F α1
∂xα
∣∣∣∣
expl
. (9)
The transformation rule for the Hamiltonian density implies that summation over α is to be
performed. In contrast to the transformation rule for the Lagrangian density L of Eq. (7), the
rule for the Hamiltonian density is determined by the explicit dependence of the generating
function F µ1 on the xν . Hence, if a generating function does not explicitly depend on the
independent variables, xν , then the value of the Hamiltonian density is not changed under the
particular canonical transformation emerging thereof.
Differentiating the transformation rule for piµI with respect to ΦJ , and the rule for Π
µ
J with
respect to φI , we obtain a symmetry relation between original and transformed fields
∂piµI
∂ΦJ
=
∂2F µ1
∂φI∂ΦJ
= −
∂ΠµJ
∂φI
.
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The emerging of symmetry relations is a characteristic feature of canonical transformations.
As the symmetry relation directly follows from the second derivatives of the generating
function, is does not apply for arbitrary transformations of the fields that do not follow from
generating functions.
3.2. Generating functions of type F 2(φ,Π, x)
The generating function of a canonical transformation can alternatively be expressed in terms
of a function of the original fields φI and of the new conjugate fields ΠµI . To derive the
pertaining transformation rules, we perform the covariant Legendre transformation
F µ2 (φ,Π, x) = F
µ
1 (φ,Φ, x) + ΦJΠ
µ
J , Π
µ
I = −
∂F µ1
∂ΦI
. (10)
By definition, the functions F µ1 and F
µ
2 agree with respect to their φI and xµ dependencies
∂F µ2
∂φI
=
∂F µ1
∂φI
= piµI ,
∂F α2
∂xα
∣∣∣∣
expl
=
∂F α1
∂xα
∣∣∣∣
expl
= H′ −H.
The variables φI and xµ thus do not take part in the Legendre transformation from Eq. (10).
Therefore, the two F µ2 -related transformation rules coincide with the respective rules derived
previously from F µ1 . As F
µ
1 does not depend on the Π
µ
I whereas F
µ
2 does not depend on the
the ΦI , the new transformation rule thus follows from the derivative of F µ2 with respect to ΠνJ
as
∂F µ2
∂ΠνI
= ΦJ
∂ΠµJ
∂ΠνI
= ΦJ δJI δ
µ
ν .
We thus end up with set of transformation rules
piµI =
∂F µ2
∂φI
, ΦI δ
µ
ν =
∂F µ2
∂ΠνI
, H′ = H +
∂F α2
∂xα
∣∣∣∣
expl
, (11)
which is equivalent to the set (9) by virtue of the Legendre transformation (10) if the matrices
(∂2F µ1 /∂φI∂ΦJ ) are non-singular. From the second partial derivations of F
µ
2 one immediately
derives the symmetry relation
∂piµI
∂ΠνJ
=
∂2F µ2
∂φI∂Π
ν
J
=
∂ΦJ
∂φI
δµν ,
whose existence characterises the transformation to be canonical.
3.3. Gauge theories as canonical transformations
Devising gauge theories in terms of canonical transformations turns out to be a particularly
useful application of the canonical formalism in the realm of classical field theory. The
systematic procedure to pursue is as follows:
(i) Construct the generating function F µ2 that defines the desired local transformation of the
fields of the given covariant system Hamiltonian H. If the given system is described in
terms of a Lagrangian L, the corresponding Hamiltonian H is obtained by a covariant
Legendre transformation according to Eq. (4).
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(ii) Calculate the divergence of F µ2 to find the transformation rule for the HamiltonianH.
(iii) Introduce the appropriate gauge field HamiltonianHg that is enabled to compensate the
terms of the divergence of F µ2 .
(iv) Derive the transformation rules for the gauge fields from the requirement that the
amended HamiltonianH1 = H +Hg be form-invariant.
(v) Construct the amended generating function F˜ µ2 that defines the transformation of base
fields and gauge fields.
(vi) Calculate the divergence of F˜ µ2 to find the transformation rule for the amended
HamiltonianH1.
(vii) Express the divergence of F˜ µ2 in terms of the physical fields and their conjugates making
use of their transformation rules.
(viii) Provided that all terms come up in pairs, i.e., if they have the same form in the
original and in the transformed field variables, this uniquely determines the form of the
HamiltonianH2 that is locally form-invariant.
(ix) Add the Hamiltonian Hkin describing the kinetics of the free gauge fields. It must be
ensured thatHkin is also form-invariant under the given transformation rules to maintain
the local form-invariance of the final HamiltonianH3 = H2 +Hkin.
(x) Optionally Legendre-transform the final HamiltonianH3 to determine the corresponding
locally gauge-invariant Lagrangian L3.
We will follow this procedure in the next section to work out a Lagrangian L3 that is form-
invariant under an inhomogeneous local gauge transformation.
4. General inhomogeneous local gauge transformation
As a generalisation of the homogeneous local U(N) gauge group, we now treat the
corresponding inhomogeneous gauge group for the case of an N-tuple of fields φI .
4.1. External gauge fields
We consider a system consisting of an N-tuple φ of complex fields φI with I = 1, . . . , N ,
and φ its adjoint,
φ =

 φ1...
φN

 , φ = (φ1 · · ·φN) .
A general inhomogeneous linear transformation may be expressed in terms of a complex
matrix U(x) = (uIJ(x)), U †(x) = (uIJ(x)) and a vector ϕ(x) = (ϕI(x)) that generally
depend explicitly on the independent variables, xµ, as
Φ = U φ+ϕ, Φ = φU † +ϕ
ΦI = uIJ φJ + ϕI , ΦI = φJ uJI + ϕI . (12)
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With this notation, φI stands for a set of I = 1, . . . , N complex fields φI . In other words, U
is supposed to define an isomorphism within the space of the φI , hence to linearly map the φI
into objects of the same type. The quantities ϕI(x) have the dimension of the base fields φI
and define a local shifting transformation of the ΦI in iso-space. Physically, this means that
the system is now required to be form-invariant both under local unitary transformations in
iso-space and under local variations of background fields ϕI(x).
The transformation (12) follows from a generating function that—corresponding to
H—must be a real-valued function of the generally complex fields φI and their canonical
conjugates, piµI ,
F µ2 (φ,φ,Π
µ,Π
µ
, x) = Π
µ (
U φ+ϕ
)
+
(
φU † +ϕ
)
Π
µ
= Π
µ
K
(
uKJ φJ + ϕK
)
+
(
φK uKJ + ϕJ
)
ΠµJ . (13)
According to Eqs. (11) the set of transformation rules follows as
piµI =
∂F µ2
∂φI
= Π
µ
KuKJδJI , ΦIδ
µ
ν =
∂F µ2
∂ΠνI
=
(
φKuKJ + ϕJ
)
δµν δJI
piµI =
∂F µ2
∂φI
= δIKuKJΠ
µ
J , ΦIδ
µ
ν =
∂F µ2
∂Π
ν
I
= δµν δIK
(
uKJφJ + ϕK
)
.
The complete set of transformation rules and their inverses then read in component notation
ΦI = uIJ φJ + ϕI , ΦI = φJ uJI + ϕI , Π
µ
I = uIJ pi
µ
J , Π
µ
I = pi
µ
J uJI
φI = uIJ
(
ΦJ − ϕJ
)
, φI =
(
ΦJ − ϕJ
)
uJI , pi
µ
I = uIJ Π
µ
J , pi
µ
I = Π
µ
JuJI . (14)
We restrict ourselves to transformations that preserve the contraction piαpiα
Π
α
Πα = pi
α U †U piα = pi
αpiα =⇒ U
†U = 1= UU †
Π
α
IΠIα = pi
α
JuJI uIKpiKα = pi
α
KpiKα =⇒ uJI uIK = δJK = uJI uIK .
This means that U † = U−1, hence that the matrix U is supposed to be unitary. As a unitary
matrix, U(x) is a member of the unitary group U(N)
U †(x) = U−1(x), | detU(x)| = 1.
For detU(x) = +1, the matrix U(x) is a member of the special group SU(N).
We require the Hamiltonian density H to be form-invariant under the global gauge
transformation (12), which is given for U,ϕ = const., hence for all uIJ , ϕI not depending
on the independent variables, xµ. Generally, if U = U(x), ϕ = ϕ(x), then the
transformation (14) is referred to as a local gauge transformation. The transformation rule
for the Hamiltonian is then determined by the explicitly xµ-dependent terms of the generating
function F µ2 according to
H′ −H =
∂F α2
∂xα
∣∣∣∣
expl
= Π
α
I
(
∂uIJ
∂xα
φJ +
∂ϕI
∂xα
)
+
(
φI
∂uIJ
∂xα
+
∂ϕJ
∂xα
)
ΠαJ
= piαK uKI
(
∂uIJ
∂xα
φJ +
∂ϕI
∂xα
)
+
(
φI
∂uIJ
∂xα
+
∂ϕJ
∂xα
)
uJKpi
α
K
=
(
piαK φJ − φKpi
α
J
)
uKI
∂uIJ
∂xα
+ piαI uIJ
∂ϕJ
∂xα
+
∂ϕJ
∂xα
uJIpi
α
I . (15)
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In the last step, the identity
∂uJI
∂xµ
uIK + uJI
∂uIK
∂xµ
= 0
was inserted. If we want to set up a Hamiltonian H1 that is form-invariant under the
local, hence xµ-dependent transformation generated by (13), then we must compensate
the additional terms (15) that emerge from the explicit xµ-dependence of the generating
function (13). The only way to achieve this is to adjoin the Hamiltonian H of our system
with terms that correspond to (15) with regard to their dependence on the canonical variables,
φ,φ,piµ,piµ. With a unitary matrix U , the uIJ-dependent terms in Eq. (15) are skew-
Hermitian,
uKI
∂uIJ
∂xµ
=
∂uJI
∂xµ
uIK = −uJI
∂uIK
∂xµ
,
∂uKI
∂xµ
uIJ = uJI
∂uIK
∂xµ
= −
∂uJI
∂xµ
uIK ,
or in matrix notation(
U †
∂U
∂xµ
)†
=
∂U †
∂xµ
U = −U †
∂U
∂xµ
,
(
∂U
∂xµ
U †
)†
= U
∂U †
∂xµ
= −
∂U
∂xµ
U †.
The uKI∂uIJ/∂xµ-dependent terms in Eq. (15) can thus be compensated by a Hermitian
matrix (aKJ) of “4-vector gauge fields”, with each off-diagonal matrix element, aKJ , K 6= J ,
a complex 4-vector field with components aKJµ, µ = 0, . . . , 3
uKI
∂uIJ
∂xµ
↔ aKJµ, aKJµ = aKJµ = a
∗
JKµ.
Correspondingly, the term proportional to uIJ∂ϕJ/∂xµ is compensated by the µ-components
MIJbJµ of a vector MIJ bJ of 4-vector gauge fields,
uIJ
∂ϕJ
∂xµ
↔ MIJbJµ,
∂ϕJ
∂xµ
uJI ↔ bJµMIJ .
The term proportional to ∂ϕJ/∂x uJI is then compensated by the adjoint vector bJMIJ . The
dimension of the constant real matrix M is [M ] = L−1 and thus has the natural dimension of
mass. The given system HamiltonianH must be amended by a HamiltonianHa of the form
H1 = H +Ha, Ha = ig
(
piαKφJ − φKpi
α
J
)
aKJα + pi
α
IMIJbJα + bJαMIJpi
α
I (16)
in order forH1 to be form-invariant under the canonical transformation that is defined by the
explicitly xµ-dependent generating function from Eq. (13). With a real coupling constant g,
the “gauge Hamiltonian” Ha is thus real. Submitting the amended Hamiltonian H1 to the
canonical transformation generated by Eq. (13), the new HamiltonianH′1 emerges as
H′1 = H1 +
∂F α2
∂xα
∣∣∣∣
expl
= H +Ha +
∂F α2
∂xα
∣∣∣∣
expl
= H +
(
piαKφJ − φKpi
α
J
)(
ig aKJα + uKI
∂uIJ
∂xα
)
+ piαI
(
MIJbJα + uIJ
∂ϕJ
∂xα
)
+
(
bJαMIJ +
∂ϕJ
∂xα
uJI
)
piαI
!
= H′ + ig
(
Π
α
KΦJ − ΦKΠ
α
J
)
AKJα +Π
α
IMIJBJα +BJαMIJΠ
α
I ,
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with the AIJµ and BIµ defining the gauge field components of the transformed system. The
form of the system HamiltonianH1 is thus maintained under the canonical transformation,
H′1 = H
′ +H′a, H
′
a = ig
(
Π
α
KΦJ − ΦKΠ
α
J
)
AKJα +Π
α
IMIJBJα +BJαMIJΠ
α
I , (17)
provided that the given system Hamiltonian H is form-invariant under the corresponding
global gauge transformation (14). In other words, we suppose the given system Hamiltonian
H(φ,φ,piµ,piµ, x) to remain form-invariant if it is expressed in terms of the transformed
fields,
H′(Φ,Φ,Πµ,Π
µ
, x)
globalGT
= H(φ,φ,piµ,piµ, x).
Replacing the transformed base fields by the original ones according to Eqs. (14), the gauge
fields must satisfy the condition(
piαKφJ − φKpi
α
J
)(
ig aKJα + uKI
∂uIJ
∂xα
)
+ piαI
(
MIJbJα + uIJ
∂ϕJ
∂xα
)
+
(
bJαMIJ +
∂ϕJ
∂xα
uJI
)
piαI
= ig
(
pi αI uIKuJLφL + pi
α
I uIKϕJ − φLuLKuJIpi
α
I − ϕKuJIpi
α
I
)
AKJα
+ pi αI uIKMKJBJα +BJαMKJuKIpi
α
I ,
which yields with Eqs. (14) the following inhomogeneous transformation rules for the gauge
fields aKJ , bJ , and bJ by comparing the coefficients that are associated with the independent
dynamical variables piµI , pi
µ
I , pi
µ
I φJ , and φJpi
µ
I
AKJµ = uKL aLIµ uIJ +
1
ig
∂uKI
∂xµ
uIJ
BJµ = M˜JI
(
uIKMKLbLµ − ig AIKµϕK +
∂ϕI
∂xµ
)
(18)
BJµ =
(
bLµMKLuKI + ig ϕKAKIµ +
∂ϕI
∂xµ
)
M˜JI .
Herein, M˜ denotes the inverse matrix of M , hence M˜KJMJI = MKJM˜JI = δKI . We
observe that for any type of canonical field variables φI and for any Hamiltonian system
H, the transformation of both the matrix aIJ as well as the vector bI of 4-vector gauge fields
is uniquely determined according to Eq. (18) by the unitary matrix U(x) and the translation
vector ϕ(x) that determine the local transformation of the N base fields φ. In a more concise
matrix notation, Eqs. (18) are
Aµ = U aµ U
† +
1
ig
∂U
∂xµ
U †
MBµ = UM bµ − igAµϕ+
∂ϕ
∂xµ
(19)
BµM
T = bµM
T U † + igϕAµ +
∂ϕ
∂xµ
.
Inserting the transformation rules for the base fields, Φ = Uφ + ϕ and Φ = φU † + ϕ into
Eqs. (19), we immediately find the homogeneous transformation conditions
∂Φ
∂xµ
− igAµΦ−MBµ = U
(
∂φ
∂xµ
− ig aµφ−Mbµ
)
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∂Φ
∂xµ
+ igΦAµ −BµM
T =
(
∂φ
∂xµ
+ igφaµ − bµM
T
)
U †.
We identify the “amended” partial derivatives as the “covariant derivative” that defines the
“minimum coupling rule” for our inhomogeneous gauge transformation. It reduces to the
conventional minimum coupling rule for the homogeneous gauge transformation, hence for
ϕ ≡ 0,M ≡ 0.
4.2. Including the gauge field dynamics
With the knowledge of the required transformation rules for the gauge fields from Eq. (18),
it is now possible to redefine the generating function (13) to also describe the gauge field
transformations. This simultaneously defines the transformations of the canonical conjugates,
pµνJK and q
µν
J , of the gauge fields aJKµ and bJµ, respectively. Furthermore, the redefined
generating function yields additional terms in the transformation rule for the Hamiltonian.
Of course, in order for the Hamiltonian to be invariant under local gauge transformations,
the additional terms must be invariant as well. The transformation rules for the base fields
φI and the gauge fields aIJ , bI (Eq. (18)) can be regarded as a canonical transformation that
emerges from an explicitly xµ-dependent and real-valued generating function vector of type
F˜ µ2 = F˜
µ
2 (φ,φ,Π,Π, a,P , b, b,Q,Q, x),
F˜ µ2 = Π
µ
K
(
uKJ φJ + ϕK
)
+
(
φK uKJ + ϕJ
)
ΠµJ (20)
+
(
P αµJK + ig M˜LJQ
αµ
L ϕK − ig ϕJQ
αµ
L M˜LK
)(
uKN aNIα uIJ +
1
ig
∂uKI
∂xα
uIJ
)
+Q
αµ
L M˜LK
(
uKIMIJbJα +
∂ϕK
∂xα
)
+
(
bKαMIKuIJ +
∂ϕJ
∂xα
)
M˜LJQ
αµ
L .
With the first line of (20) matching Eq. (13), the transformation rules for canonical variables
φ,φ and their conjugates, piµ,piµ, agree with those from Eqs. (14). The rules for the gauge
fields AKJα, BKα, and BKα emerge as
AKJα δ
µ
ν =
∂F˜ µ2
∂P ανJK
= δµν
(
uKN aNIα uIJ +
1
ig
∂uKI
∂xα
uIJ
)
BLα δ
µ
ν =
∂F˜ µ2
∂Q
αν
L
= δµν M˜LK
[
uKIMIJbJα +
∂ϕK
∂xα
−
(
ig uKN aNIα uIJ +
∂uKI
∂xα
uIJ
)
ϕJ
]
= δµν M˜LK
(
uKIMIJbJα +
∂ϕK
∂xα
− ig AKJαϕJ
)
BLα δ
µ
ν =
∂F˜ µ2
∂QανL
= δµν
[
bKαMIKuIJ +
∂ϕJ
∂xα
+ ϕK
(
ig uKN aNIα uIJ +
∂uKI
∂xα
uIJ
)]
M˜LJ
= δµν
(
bKαMIKuIJ +
∂ϕJ
∂xα
+ ig ϕK AKJα
)
M˜LJ ,
which obviously coincide with Eqs. (18) as the generating function (20) was devised
accordingly. The transformation of the conjugate momentum fields is obtained from the
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generating function (20) as
qνµJ =
∂F˜ µ2
∂bJν
= MIJ uIK M˜LK Q
νµ
L , M˜KJQ
νµ
K = uJI M˜KI q
νµ
K
qνµJ =
∂F˜ µ2
∂bJν
= Q
νµ
L M˜LK uKI MIJ , Q
νµ
K M˜KJ = q
νµ
K M˜KI uIJ (21)
pνµIN =
∂F˜ µ2
∂aNIν
= uIJ
(
P νµJK + ig M˜LJQ
νµ
L ϕK − ig ϕJ Q
νµ
L M˜LK
)
uKN
= uIJ
(
P νµJK + ig M˜LJQ
νµ
L ΦK − igΦJ Q
νµ
L M˜LK
)
uKN
− ig M˜LIq
νµ
L φN + ig φI q
νµ
L M˜LN .
Thus, the expression
pνµIN + ig M˜LIq
νµ
L φN − ig φI q
νµ
L M˜LN
= uIJ
(
P νµJK + ig M˜LJQ
νµ
L ΦK − igΦJ Q
νµ
L M˜LK
)
uKN (22)
transforms homogeneously under the gauge transformation generated by Eq. (20). The same
homogeneous transformation law holds for the expression
fIJµν =
∂aIJν
∂xµ
−
∂aIJµ
∂xν
+ ig (aIKνaKJµ − aIKµaKJν)
= uIK FKLµν uLJ (23)
FIJµν =
∂AIJν
∂xµ
−
∂AIJµ
∂xν
+ ig (AIKνAKJµ −AIKµAKJν) ,
which directly follows from the transformation rule (18) for the gauge fields aIJµ. Making
use of the initially defined mapping of the base fields (12), the transformation rule (18) for the
gauge fields bKµ, bKµ is converted into
∂ΦJ
∂xµ
− ig AJKµΦK −MJKBKµ = uJL
(
∂φL
∂xµ
− ig aLKµφK −MLKbKµ
)
∂ΦJ
∂xµ
+ igΦKAKJµ − BKµMJK =
(
∂φL
∂xµ
+ ig φKaKLµ − bKµMLK
)
uLJ . (24)
The above transformation rules can also be expressed more clearly in matrix notation
qνµ = MTU †M˜TQνµ, M˜TQνµ = UM˜Tqνµ
qνµ = Q
νµ
M˜ U M, Q
νµ
M˜ = qνµM˜ U †
pνµ = U †
(
P νµ + ig M˜TQνµ ⊗ϕ− igϕ⊗Q
νµ
M˜
)
U
f µν = U
†F µν U, f µν =
∂aν
∂xµ
−
∂aµ
∂xν
+ ig (aνaµ − aµaν) (25)
and
∂Φ
∂xµ
− igAµΦ−MBµ = U
(
∂φ
∂xµ
− ig aµφ−M bµ
)
∂Φ
∂xµ
+ igΦAµ −BµM
T =
(
∂φ
∂xµ
+ igφaµ − bµM
T
)
U †
P νµ + ig M˜TQνµ ⊗Φ− igΦ⊗Q
νµ
M˜ = U
(
pνµ + ig M˜Tqνµ ⊗ φ− igφ⊗ qνµM˜
)
U †.
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It remains to work out the difference of the Hamiltonians that are submitted to the canonical
transformation generated by (20). Hence, according to the general rule from Eq. (11), we
must calculate the divergence of the explicitly xµ-dependent terms of F˜ µ2
∂F˜ α2
∂xα
∣∣∣∣∣
expl
= Π
α
K
(
∂uKJ
∂xα
φJ +
∂ϕK
∂xα
)
+
(
φK
∂uKJ
∂xα
+
∂ϕJ
∂xα
)
ΠαJ
+
(
P αβJK + ig M˜LJQ
αβ
L ϕK − ig ϕJ Q
αβ
L M˜LK
)
·
(
∂uKN
∂xβ
aNIαuIJ + uKNaNIα
∂uIJ
∂xβ
+
1
ig
∂uKI
∂xα
∂uIJ
∂xβ
+
1
ig
∂2uKI
∂xα∂xβ
uIJ
)
+
(
M˜LJQ
αβ
L
∂ϕK
∂xβ
−
∂ϕJ
∂xβ
Q
αβ
L M˜LK
)(
ig uKN aNIα uIJ +
∂uKI
∂xα
uIJ
)
+Q
αβ
L M˜LK
(
∂uKI
∂xβ
MIJbJα +
∂2ϕK
∂xα∂xβ
)
+
(
bKαMIK
∂uIJ
∂xβ
+
∂2ϕJ
∂xα∂xβ
)
M˜LJQ
αβ
L . (26)
We are now going to express all uIJ - and ϕK-dependencies in (26) in terms of the field
variables making use of the canonical transformation rules. To this end, the constituents of
Eq. (26) are split into three blocks. The Π-dependent terms of can be converted this way by
means of the transformation rules (14) and (18)
Π
α
K
(
∂uKJ
∂xα
φJ +
∂ϕK
∂xα
)
+
(
φK
∂uKJ
∂xα
+
∂ϕJ
∂xα
)
ΠαJ
= Π
α
K
(
∂uKJ
∂xα
uJI(ΦI − ϕI) +
∂ϕK
∂xα
)
+
((
ΦI − ϕI
)
uIK
∂uKJ
∂xα
+
∂ϕJ
∂xα
)
ΠαJ
= ig
(
Π
α
KΦJ − ΦKΠ
α
J
)
AKJα +Π
α
KMKJBJα +BKαMJKΠ
α
J
− ig
(
piαKφJ − φKpi
α
J
)
aKJα −
(
piαKMKJbJα + bKαMJKpi
α
J
)
. (27)
The second derivative terms in Eq. (26) are symmetric in the indices α and β. If we split P αβJK
and QαβJ into a symmetric P
(αβ)
JK , Q
(αβ)
J and a skew-symmetric parts P
[αβ]
JK , P
[αβ]
J in α and β
P αβJK = P
(αβ)
JK + P
[αβ]
JK , P
[αβ]
JK =
1
2
(
P αβJK − P
βα
JK
)
, P
(αβ)
JK =
1
2
(
P αβJK + P
βα
JK
)
QαβJ = Q
(αβ)
J +Q
[αβ]
J , Q
[αβ]
J =
1
2
(
QαβJ −Q
βα
J
)
, Q
(αβ)
J =
1
2
(
QαβJ +Q
βα
J
)
,
then the second derivative terms in Eq. (26) vanish for P [αβ]JK and Q[αβ]J ,
P
[αβ]
JK
∂2uKI
∂xα∂xβ
= 0,
∂2ϕJ
∂xα∂xβ
Q
[αβ]
J = 0, Q
[αβ]
K
∂2ϕK
∂xα∂xβ
= 0.
By inserting the transformation rules for the gauge fields from Eqs. (18), the remaining terms
of (26) for the skew-symmetric part of P αβJK are converted into(
P
[αβ]
JK + ig M˜LJQ
[αβ]
L ϕK − ig ϕJ Q
[αβ]
L M˜LK
)
·
(
∂uKN
∂xβ
aNIαuIJ + uKNaNIα
∂uIJ
∂xβ
+
1
ig
∂uKI
∂xα
∂uIJ
∂xβ
)
+
(
M˜LJQ
[αβ]
L
∂ϕK
∂xβ
−
∂ϕJ
∂xβ
Q
[αβ]
L M˜LK
)
ig AKJα
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+Q
[αβ]
L M˜LK
∂uKI
∂xβ
MIJbJα + bJαMIJ
∂uIK
∂xβ
M˜LKQ
[αβ]
L
= −1
2
ig P αβJK (AKIαAIJβ −AKIβAIJα)
+ 1
2
ig
(
BJβMKJAKIαM˜IL − BJαMKJAKIβM˜IL
)
QαβL
− 1
2
ig Q
αβ
L
(
M˜LIAIKαMKJBJβ − M˜LIAIKβMKJBJα
)
+ 1
2
ig pαβJK (aKIαaIJβ − aKIβaIJα)
− 1
2
ig
(
bJβMKJaKIαM˜IL − bJαMKJaKIβM˜LI
)
qαβL
+ 1
2
ig qαβL
(
M˜LIaIKαMKJbJβ − M˜LIaIKβMKJbJα
)
. (28)
For the symmetric parts of P αβJK and Q
αβ
J , we obtain(
P
(αβ)
JK + ig M˜LJQ
(αβ)
L ϕK − ig ϕJ Q
(αβ)
L M˜LK
)
·
(
∂uKN
∂xβ
aNIαuIJ + uKLaLIα
∂uIJ
∂xβ
+
1
ig
∂uKI
∂xα
∂uIJ
∂xβ
+
1
ig
∂2uKI
∂xα∂xβ
uIJ
)
+
(
M˜LJQ
(αβ)
L
∂ϕK
∂xβ
−
∂ϕJ
∂xβ
Q
(αβ)
L M˜LK
)
ig AKJα
+Q
(αβ)
L M˜LK
(
∂uKI
∂xβ
MIJbJα +
∂2ϕK
∂xα∂xβ
)
+
(
bJαMIJ
∂uIK
∂xβ
+
∂2ϕK
∂xα∂xβ
)
M˜LKQ
(αβ)
L
=
(
P
(αβ)
JK + ig M˜LJQ
(αβ)
L ϕK − ig ϕJ Q
(αβ)
L M˜LK
)(∂AKJα
∂xβ
− uKL
∂aLIα
∂xβ
uIJ
)
+Q
(αβ)
L M˜LK
(
∂uKI
∂xβ
MIJbJα +
∂2ϕK
∂xα∂xβ
− ig AKJα
∂ϕJ
∂xβ
)
+
(
bJαMIJ
∂uIK
∂xβ
+
∂2ϕK
∂xα∂xβ
+ ig
∂ϕJ
∂xβ
AJKα
)
M˜LKQ
(αβ)
L
= 1
2
P αβJK
(
∂AKJα
∂xβ
+
∂AKJβ
∂xα
)
+ 1
2
Q
αβ
K
(
∂BKα
∂xβ
+
∂BKβ
∂xα
)
+ 1
2
(
∂BKα
∂xβ
+
∂BKβ
∂xα
)
QαβK
− 1
2
pαβJK
(
∂aKJα
∂xβ
+
∂aKJβ
∂xα
)
− 1
2
qαβK
(
∂bKα
∂xβ
+
∂bKβ
∂xα
)
− 1
2
(
∂bKα
∂xβ
+
∂bKβ
∂xα
)
qαβK . (29)
In summary, by inserting the transformation rules into Eq. (26), the divergence of the
explicitly xµ-dependent terms of F˜ µ2 — and hence the difference of transformed and original
Hamiltonians — can be expressed completely in terms of the canonical variables as
∂F˜ α2
∂xα
∣∣∣∣∣
expl
= ig
(
Π
α
KΦJ − ΦKΠ
α
J
)
AKJα +Π
α
KMKJBJα +BKαMJKΠ
α
J
− ig
(
piαKφJ − φKpi
α
J
)
aKJα −
(
piαKMKJbJα + bKαMJKpi
α
J
)
− 1
2
ig P αβJK (AKIαAIJβ −AKIβAIJα) +
1
2
ig pαβJK (aKIαaIJβ − aKIβaIJα)
+ 1
2
ig
(
BJβMKJAKIαM˜IL −BJαMKJAKIβM˜LI
)
QαβL
− 1
2
ig Q
αβ
L
(
M˜LIAIKαMKJBJβ − M˜LIAIKβMKJBJα
)
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− 1
2
ig
(
bJβMKJaKIαM˜IL − bJαMKJaKIβM˜LI
)
qαβL
+ 1
2
ig qαβL
(
M˜LIaIKαMKJbJβ − M˜LIaIKβMKJbJα
)
+ 1
2
P αβJK
(
∂AKJα
∂xβ
+
∂AKJβ
∂xα
)
+ 1
2
Q
αβ
K
(
∂BKα
∂xβ
+
∂BKβ
∂xα
)
+ 1
2
(
∂BKα
∂xβ
+
∂BKβ
∂xα
)
QαβK
− 1
2
pαβJK
(
∂aKJα
∂xβ
+
∂aKJβ
∂xα
)
− 1
2
qαβK
(
∂bKα
∂xβ
+
∂bKβ
∂xα
)
− 1
2
(
∂bKα
∂xβ
+
∂bKβ
∂xα
)
qαβK .
We observe that all uIJ and ϕI-dependencies of Eq. (26) were expressed symmetrically in
terms of both the original and the transformed complex base fields φJ ,ΦJ and 4-vector
gauge fields aJK ,AJK ,bJ ,BJ , in conjunction with their respective canonical momenta.
Consequently, an amended HamiltonianH2 of the form
H2 = H(pi,φ, x) + ig
(
piαKφJ − φKpi
α
J
)
aKJα + pi
α
KMKJbJα + bKαMJKpi
α
J
− 1
2
ig pαβJK (aKIα aIJβ − aKIβ aIJα) +
1
2
pαβJK
(
∂aKJα
∂xβ
+
∂aKJβ
∂xα
)
+ 1
2
ig
(
bJβMKJaKIα − bJαMKJaKIβ
)
M˜LIq
αβ
L
− 1
2
ig qαβL M˜LI
(
aIKαMKJbJβ − aIKβMKJbJα
)
+ 1
2
qαβK
(
∂bKα
∂xβ
+
∂bKβ
∂xα
)
+ 1
2
(
∂bKα
∂xβ
+
∂bKβ
∂xα
)
qαβK (30)
is then transformed according to the general rule (11)
H′2 = H2 +
∂F˜ α2
∂xα
∣∣∣∣∣
expl
into the new Hamiltonian
H′2 = H(Π,Φ, x) + ig
(
Π
α
KΦJ − ΦKΠ
α
J
)
AKJα +Π
α
KMKJBJα +BKαMJKΠ
α
J
− 1
2
ig P αβJK (AKIαAIJβ − AKIβ AIJα) +
1
2
P αβJK
(
∂AKJα
∂xβ
+
∂AKJβ
∂xα
)
+ 1
2
ig
(
BJβMKJAKIα − BJαMKJAKIβ
)
M˜LIQ
αβ
L
− 1
2
ig Q
αβ
L M˜LI
(
AIKαMKJBJβ −AIKβMKJBJα
)
+ 1
2
Q
αβ
K
(
∂BKα
∂xβ
+
∂BKβ
∂xα
)
+ 1
2
(
∂BKα
∂xβ
+
∂BKβ
∂xα
)
QαβK . (31)
The entire transformation is thus form-conserving provided that the original Hamiltonian
H(pi,φ, x) is also form-invariant if expressed in terms of the new fields, H(Π,Φ, x) =
H(pi,φ, x), according to the transformation rules (14). In other words, H(pi,φ, x) must be
form-invariant under the corresponding global gauge transformation.
As a common feature of all gauge transformation theories, we must ensure that the
transformation rules for the gauge fields and their conjugates are consistent with the field
equations for the gauge fields that follow from final form-invariant amended Hamiltonians,
H3 = H2 + Hkin and H′3 = H′2 + H′kin. In other words, Hkin and the form-alike H′kin
must be chosen in a way that the transformation properties of the canonical equations for
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the gauge fields emerging from H3 and H′3 are compatible with the canonical transformation
rules (18). These requirements uniquely determine the form of both Hkin and H′kin. Thus,
the Hamiltonians (30) and (31) must be further amended by “kinetic” terms Hkin and
H′kin that describe the dynamics of the free 4-vector gauge fields, aKJ , bJ and AKJ ,BJ ,
respectively. Of course, Hkin must be form-invariant as well if expressed in the transformed
dynamical variables in order to ensure the overall form-invariance of the final Hamiltonian.
An expression that fulfils this requirement is obtained from Eqs. (21) and (22)
Hkin = −
1
2
qαβJ qJαβ −
1
4
(
pαβIJ + ig M˜LIq
αβ
L φJ − ig φI q
αβ
L M˜LJ
)
·
(
pJIαβ + ig M˜KJqKαβ φI − ig φJ qKαβM˜KI
)
. (32)
The condition for the first term to be form-invariant is
qαβJ qJαβ = Q
αβ
L M˜LK uKI MIJ MNJ︸ ︷︷ ︸
!
=δIN (detM)
2
uNR M˜SRQSαβ
= (detM)2Q
αβ
L M˜LK M˜JK︸ ︷︷ ︸
!
=δLJ (detM)
−2
QJαβ
= Q
αβ
J QJαβ
The mass matrix M must thus be orthogonal
MMT = 1(detM)2. (33)
From H3 and, correspondingly, from H′3, we will work out the condition for the canonical
field equations to be consistent with the canonical transformation rules (18) for the gauge
fields and their conjugates (21).
WithHkin from Eq. (32), the total amended HamiltonianH3 is now given by
H3 = H2 +Hkin = H +Hg (34)
Hg = ig
(
piαKφJ − φKpi
α
J
)
aKJα −
1
2
ig pαβKJ
(
aJIα aIKβ − aJIβ aIKα
)
+ 1
2
pαβKJ
(
∂aJKα
∂xβ
+
∂aJKβ
∂xα
)
+ 1
2
qαβJ
(
∂bJα
∂xβ
+
∂bJβ
∂xα
)
+ 1
2
(
∂bJα
∂xβ
+
∂bJβ
∂xα
)
qαβJ
+ piαKMKJbJα + bKαMJKpi
α
J +
1
2
ig
(
bJβMKJaKIα − bJαMKJaKIβ
)
M˜LIq
αβ
L
− 1
2
ig qαβL M˜LI
(
aIKαMKJbJβ − aIKβMKJbJα
)
− 1
2
qαβJ qJαβ
− 1
4
(
pαβIJ + ig M˜LIq
αβ
L φJ − ig φI q
αβ
L M˜LJ
)(
pJIαβ + ig M˜KJqKαβ φI − ig φJ qKαβM˜KI
)
.
In the Hamiltonian description, the partial derivatives of the fields in (34) do not constitute
canonical variables and must hence be regarded as xµ-dependent coefficients when setting up
the canonical field equations. The relation of the canonical momenta pµνNM to the derivatives
of the fields, ∂aMNµ/∂xν , is generally provided by the first canonical field equation (5). This
means for the particular Hamiltonian (34)
∂aMNµ
∂xν
=
∂Hg
∂pµνNM
= −1
2
ig (aMIµ aINν − aMIν aINµ) +
1
2
(
∂aMNµ
∂xν
+
∂aMNν
∂xµ
)
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− 1
2
pMNµν −
1
2
ig
(
M˜IMqIµν φN − φM qIµνM˜IN
)
,
hence
pKJµν =
∂aKJν
∂xµ
−
∂aKJµ
∂xν
+ ig
(
aKIν aIJµ − aKIµ aIJν − M˜IKqIµν φJ + φK qIµνM˜IJ
)
. (35)
Rewriting Eq. (35) in the form
pKJµν + igM˜IKqIµνφJ − igφKqIµνM˜IJ =
∂aKJν
∂xµ
−
∂aKJµ
∂xν
+ ig (aKIνaIJµ − aKIµaIJν)
= fKJµν,
we realise that the left-hand side transforms homogeneously according to Eq. (22). From
Eq. (25), we already know that the same rule applies for the f µν . The canonical equation (35)
is thus generally consistent with the canonical transformation rules.
The corresponding reasoning applies for the canonical momenta qJµν and qJµν
∂bNµ
∂xν
=
∂Hg
∂qµνN
= −1
2
qNµν −
1
2
ig M˜NI (aIKµMKJ bJν − aIKνMKJ bJµ)
+ 1
2
(
∂bNµ
∂xν
+
∂bNν
∂xµ
)
+ 1
2
ig M˜NI
(
pIJµν + ig M˜KIqKµν φJ − ig φI qKµνM˜KJ
)
φJ
∂bNµ
∂xν
=
∂Hg
∂qµνN
= −1
2
qNµν +
1
2
ig
(
bJνMKJ aKIµ − bJµMKJ aKIν
)
M˜NI
+ 1
2
(
∂bNµ
∂xν
+
∂bNν
∂xµ
)
− 1
2
ig φJ
(
pJIµν + ig M˜KJqKµν φI − ig φJ qKµνM˜KI
)
M˜NI ,
hence with the canonical equation (35)
qJµν =
∂bJν
∂xµ
−
∂bJµ
∂xν
+ ig M˜JI (aIKνMKL bLµ − aIKµMKL bLν)
+ ig M˜JI
(
∂aIKν
∂xµ
−
∂aIKµ
∂xν
+ ig (aILν aLKµ − aILµ aLKν)
)
φK
qJµν =
∂bJν
∂xµ
−
∂bJµ
∂xν
− ig
(
bLµMKL aKIν − bLνMKL aKIµ
)
M˜JI
− ig φK
(
∂aKIν
∂xµ
−
∂aKIµ
∂xν
+ ig (aKLν aLIµ − aKLµ aLIν)
)
M˜JI . (36)
In order to check whether these canonical equations—which are complex conjugate to each
other—are also compatible with the canonical transformation rules, we rewrite the first one
concisely in matrix notation for the transformed fields
MQµν =
∂MBν
∂xµ
−
∂MBµ
∂xν
+ ig (AνMBµ −AµMBν)
+ ig
(
∂Aν
∂xµ
−
∂Aµ
∂xν
+ ig (AνAµ −AµAν)
)
Φ.
Applying now the transformation rules for the gauge fieldsAν ,Bµ from Eqs. (19), and for the
base fields Φ from Eqs. (12), we find
MQµν = U
[
∂Mbν
∂xµ
−
∂Mbµ
∂xν
+ ig (aνM bµ − aµM bν)
Inhomogeneous local gauge transformations 19
+ ig
(
∂aν
∂xµ
−
∂aµ
∂xν
+ ig (aνaµ − aµaν)
)
φ
]
= UM qµν .
The canonical equations (36) are thus compatible with the canonical transformation rules (25)
provided that
M˜T =
M
(detM)2
.
Thus, the mass matrix M must be orthogonal. This restriction was already encountered with
Eq. (33).
We observe that both pKJµν and qJµν , qJµν occur to be skew-symmetric in the indices
µ, ν. Here, this feature emerges from the canonical formalism and does not have to be
postulated. Consequently, all products with the momenta in the Hamiltonian (34) that are
symmetric in µ, ν must vanish. As these terms only contribute to the first canonical equations,
we may omit them fromHg if we simultaneously define pJKµν and qJµν to be skew-symmetric
in µ, ν. With regard to the ensuing canonical equations, the gauge Hamiltonian Hg from
Eq. (34) is then equivalent to
Hg = ig
(
pi βKφJ − φKpi
β
J
)
aKJβ − ig p
αβ
JI aIKα aKJβ −
1
2
q αβJ qJαβ
+
(
pi βK − ig q
αβ
L M˜LIaIKα
)
MKJbJβ + bKβMJK
(
piβJ + ig aJIαM˜LIq
αβ
L
)
− 1
4
(
pαβIJ + ig M˜LIq
αβ
L φJ − ig φI q
αβ
L M˜LJ
)(
pJIαβ + ig M˜KJqKαβ φI− ig φJ qKαβM˜KI
)
pµνJK
!
= −pνµJK , q
µν
J
!
= −qνµJ . (37)
Setting the mass matrix M to zero,Hg reduces to the gauge Hamiltonian of the homogeneous
U(N) gauge theory (Struckmeier and Reichau 2012). The other terms describe the dynamics
of the 4-vector gauge fields bJ . From the locally gauge-invariant Hamiltonian (34), the
canonical equations for the base fields φI , φI are given by
∂φI
∂xµ
∣∣∣∣
H3
=
∂H3
∂piµI
=
∂H
∂piµI
+ ig aIJµφJ +MIJbJµ
∂φI
∂xµ
∣∣∣∣
H3
=
∂H3
∂piµI
=
∂H
∂piµI
− ig φJaJIµ + bJµMIJ . (38)
These equations represent the generalised “minimum coupling rules” for our particular case
of a system of two sets of gauge fields, aJK and bJ .
The canonical field equation from the bJ , bJ dependencies ofHg follow as
∂qµαK
∂xα
= −
∂Hg
∂bKµ
= −MJK
(
piµJ + ig aJIαM˜LIq
αµ
L
)
∂qµαJ
∂xα
= −
∂Hg
∂bJµ
=
(
−piµK + ig q
αµ
L M˜LIaIKα
)
MKJ .
Inserting piαJ , piαJ as obtained from Eqs. (38) for a particular system Hamiltonian H, terms
proportional to bαI and b
α
I emerge with no other dynamical variables involved. Such terms
describe the masses of particles that are associated with the gauge fields bI .
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4.3. Gauge-invariant Lagrangian
As the system Hamiltonian H does not depend on the gauge fields aKJ and bJ , the gauge
Lagrangian Lg that is equivalent to the gauge Hamiltonian Hg from Eq. (34) is derived by
means of the Legendre transformation
Lg = p
αβ
JK
∂aKJα
∂xβ
+ qαβJ
∂bJα
∂xβ
+
∂bJα
∂xβ
qαβJ −Hg,
with pµνJK from Eq. (35) and qµνJ , qµνJ from Eqs. (36). We thus have
pαβJK
∂aKJα
∂xβ
= 1
2
pαβJK
(
∂aKJα
∂xβ
−
∂aKJβ
∂xα
)
+ 1
2
pαβJK
(
∂aKJα
∂xβ
+
∂aKJβ
∂xα
)
= −1
2
pαβJK pKJαβ +
1
2
pαβJK
(
∂aKJα
∂xβ
+
∂aKJβ
∂xα
)
− 1
2
ig pαβJK
(
aKIα aIJβ − aKIβ aIJα − M˜IKqIβα φJ + φK qIβαM˜IJ
)
,
and, similarly
q αβJ
∂bJα
∂xβ
= −1
2
q αβJ qJαβ −
1
2
ig qαβJ M˜JI (aIKαMKL bLβ − aIKβMKL bLα)
+ 1
2
ig q αβJ M˜JI
(
pILαβ + ig M˜KIqKαβ φL − ig φI qKαβM˜KL
)
φL
+ 1
2
q αβJ
(
∂bJα
∂xβ
+
∂bJβ
∂xα
)
∂bJα
∂xβ
qαβJ = −
1
2
q αβJ qJαβ +
1
2
ig
(
bLβMKL aKIα − bLαMKL aKIβ
)
M˜JIq
αβ
J
− 1
2
ig φI
(
pILαβ + ig M˜KIqKαβ φL − ig φI qKαβM˜KL
)
M˜JLq
αβ
J
+ 1
2
(
∂bJα
∂xβ
+
∂bJβ
∂xα
)
qαβJ .
With the gauge HamiltonianHg from Eq. (34), the gauge Lagrangian Lg is then
Lg = −
1
2
q αβJ qJαβ − pi
α
K (ig aKJαφJ +MKJbJα) +
(
ig φKaKJα − bKαMJK
)
piαJ
− 1
4
(
pαβIJ + ig M˜LIq
αβ
L φJ − ig φI q
αβ
L M˜LJ
)
·
(
pJIαβ + ig M˜KJqKαβ φI − ig φJ qKαβM˜KI
)
According to Eq. (23) and the relation for the canonical momenta pJIαβ from Eq. (35), the
last product can be rewritten as −1
4
fαβIJ fJIαβ, thus
Lg = −
1
4
fαβIJ fJIαβ−
1
2
qαβJ qJαβ−pi
α
K (ig aKJαφJ +MKJbJα)+
(
ig φKaKJα − bKαMJK
)
piαJ .
With regard to canonical variables piK ,piK , Lg is still a Hamiltonian. The final total gauge-
invariant Lagrangian L3 for the given system HamiltonianH then emerges from the Legendre
transformation
L3 = Lg + pi
α
J
∂φJ
∂xα
+
∂φJ
∂xα
piαJ −H(φI , φI ,piI ,piI , x)
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= piαJ
(
∂φJ
∂xα
− ig aJKαφK −MJK bKα
)
+
(
∂φJ
∂xα
+ ig φKaKJα − bKαMJK
)
piαJ
− 1
4
fαβIJ fJIαβ −
1
2
qαβJ qJαβ −H(φI , φI ,piI ,piI , x). (39)
As implied by the Lagrangian formalism, the dynamical variables are given by both the
fields, φI , φI , aKJ , bJ , and bJ , and their respective partial derivatives with respect to the
independent variables, xµ. Therefore, the momenta qJ and qJ of the Hamiltonian description
are no longer dynamical variables in Lg but merely abbreviations for combinations of the
Lagrangian dynamical variables, which are here given by Eqs. (36). The correlation of the
momenta piI ,piI of the base fields φI , φI to their derivatives are derived from the system
HamiltonianH via
∂φI
∂xµ
=
∂H
∂piµI
+ ig aIJµφJ +MIJbJµ
∂φI
∂xµ
=
∂H
∂piµI
− ig φJ aJIµ + bJµMIJ , (40)
which represents the “minimal coupling rule” for our particular system. Thus, for any globally
gauge-invariant Hamiltonian H(φI ,piI , x), the amended Lagrangian (39) with Eqs. (40)
describes in the Lagrangian formalism the associated physical system that is invariant under
local gauge transformations.
4.4. Klein-Gordon system Hamiltonian
As an example, we consider the generalised Klein-Gordon Hamiltonian (Struckmeier and
Reichau 2012) that describes an N-tuple of massless spin-0 fields
HKG = pi
α
I piIα.
This Hamiltonian is clearly invariant under the inhomogeneous global gauge transforma-
tion (14). The reason for defining a massless system HamiltonianH is that a mass term of the
form φIMJIMJKφK that is contained in the general Klein-Gordon Hamiltonian is not invari-
ant under the inhomogeneous gauge transformation from Eq. (14). According to Eqs. (39)
and (40), the corresponding locally gauge-invariant Lagrangian L3,KG is then
L3,KG = pi
α
I piIα −
1
4
fαβJK fKJαβ −
1
2
q αβJ qJαβ, (41)
with
fKJµν =
∂aKJν
∂xµ
−
∂aKJµ
∂xν
+ ig (aKIν aIJµ − aKIµ aIJν)
qJµν =
∂bJν
∂xµ
−
∂bJµ
∂xν
+ ig M˜JI
(
aIKνMKL bLµ − aIKµMKL bLν + fIKµν φK
)
qJµν =
∂bJν
∂xµ
−
∂bJµ
∂xν
− ig
(
bLµMKL aKIν − bLν MKL aKIµ + φK fKIµν
)
M˜JI
piIµ =
∂φI
∂xµ
− ig aIJµφJ −MIJ bJµ
piIµ =
∂φI
∂xµ
+ ig φJ aJIµ − bJµMIJ .
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In matrix notation, the gauge-invariant Lagrangian (41) thus writes
L3,KG =
(
∂φ
∂xα
+ igφaα − b
α
MT
)(
∂φ
∂xα
− ig aαφ−Mbα
)
− Tr
(
1
4
f αβf αβ
)
− 1
2
q αβqαβ
with
f µν =
∂aν
∂xµ
−
∂aµ
∂xν
+ ig (aν aµ − aµ aν)
Mqµν = M
(
∂bν
∂xµ
−
∂bµ
∂xν
)
+ ig
(
aνMbµ − aµMbν + f µνφ
)
qµνM
T =
(
∂bν
∂xµ
−
∂bµ
∂xν
)
MT − ig
(
bµM
Taν − bνM
Taµ + φf µν
)
.
The terms in parentheses in the first line of L3,KG can be regarded as the “minimum coupling
rule” for the actual system. Under the inhomogeneous transformation prescription of the
base fields from Eqs. (12) and the transformation rules of the gauge fields from Eqs. (19),
the Lagrangian L3,KG is form-invariant. Moreover, the Lagrangian contains a term that is
proportional to the square of the 4-vector gauge fields bJ
b
α
MTM bα,
which represents a Proca mass term for an N-tuple of possibly charged bosons. Setting up the
Euler-Lagrange equation for the gauge fields bµ, we get
∂qµα
∂xα
− igMTaα
(
MT
)−1
qµα +MT
(
∂φ
∂xµ
− ig aµφ
)
−MTM bµ = 0.
We observe that this equation describes an N-tuple massive bosonic fields bJµ, in conjunction
with their interactions with the massless gauge fields aIJµ and the base fields, φI .
Expanding the last term of the Lagrangian (41), we can separate this Lagrangian into a
renormalisable Lr3,KG part
Lr3,KG = pi
α
I piIα −
1
4
fαβJK fKJαβ −
1
2
h
αβ
J hJαβ
hJµν =
∂bJν
∂xµ
−
∂bJµ
∂xν
+ ig M˜JI (aIKνMKL bLµ − aIKµMKL bLν)
hJµν =
∂bJν
∂xµ
−
∂bJµ
∂xν
− ig
(
bLµMKL aKIν − bLν MKL aKIµ
)
M˜JI ,
and into a non-renormalisable Lnr3,KG part
Lnr3,KG =
1
2
ig
[(
∂bJβ
∂xα
−
∂bJα
∂xβ
)
M˜JIf
αβ
IKφK − φKf
αβ
KIM˜JI
(
∂bJβ
∂xα
−
∂bJα
∂xβ
)]
+ 1
2
( g
detM
)2 [(
bLαMKL aKIβ − bLβMKL aKIα
)
fαβIJ φJ
+ φKf
αβ
KI
(
aILβMLJ bJα − aILαMLJ bJβ
)
+ φKf
αβ
KIfIJαβφJ
]
.
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The first line vanishes if we restrict ourselves to real fields. Lnr3,KG vanishes completely if
g = 0, hence if all couplings to the massless gauge fields aIK are skipped. This corresponds
to a pure shifting transformation that is generated by Eq. (13) with U = 1.
For the case N = 1, hence for a single base field φ, the following twofold amended
Klein-Gordon Lagrangian L3,KG
L3,KG =
(
∂φ
∂xα
+ ig φ aα −mb
α
)(
∂φ
∂xα
− ig aαφ−mbα
)
− 1
4
fαβ fαβ −
1
2
q αβqαβ
is form-invariant under the combined local gauge transformation
φ 7→ Φ = φ eiΛ + ϕ, aµ 7→ Aµ = aµ +
1
g
∂Λ
∂xµ
bµ 7→ Bµ = bµ e
iΛ −
ig
m
(
aµ +
1
g
∂Λ
∂xµ
)
ϕ+
1
m
∂ϕ
∂xµ
.
The field tensors then simplify to
fµν =
∂aν
∂xµ
−
∂aµ
∂xν
qµν =
∂bν
∂xµ
−
∂bµ
∂xν
+ ig (aν bµ − aµ bν) +
ig
m
(
∂aν
∂xµ
−
∂aµ
∂xν
)
φ
qµν =
∂bν
∂xµ
−
∂bµ
∂xν
− ig
(
bµ aν − bν aµ
)
−
ig
m
φ
(
∂aν
∂xµ
−
∂aµ
∂xν
)
.
With m2 bαbα, this locally gauge-invariant Lagrangian contains a mass term for the complex
bosonic 4-vector gauge field bµ. The subsequent equation for the massive gauge field bµ is
thus
∂qµα
∂xα
− ig aαq
µα +m
(
∂φ
∂xµ
− ig aµφ
)
−m2bµ = 0.
From the transformation rule for the fields, the rule for the momenta Qµν follows as
Qµν = qµν e
iΛ(x).
It is then easy to verify that the field equation is indeed form-invariant under the above
combined local transformation of the fields φ, aµ, bµ.
The Lagrangian L3,KG can again be split into a renormalisable part Lr3,KG
Lr3,KG =
(
∂φ
∂xα
+ ig φ aα −mb
α
)(
∂φ
∂xα
− ig aαφ−mbα
)
− 1
4
fαβ fαβ −
1
2
h
αβ
hαβ
fµν =
∂aν
∂xµ
−
∂aµ
∂xν
hµν =
∂bν
∂xµ
−
∂bµ
∂xν
+ ig (aν bµ − aµ bν)
hµν =
∂bν
∂xµ
−
∂bµ
∂xν
− ig
(
bµ aν − bν aµ
)
and a non-renormalisable part Lnr3,KG,
Lnr3,KG =
ig
m
(
hαβφ− φ hαβ −
ig
m
φφ fαβ
)
fαβ.
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5. Conclusions
With the present paper, we have worked out a complete non-Abelian theory of inhomogeneous
local gauge transformations. The theory was worked out as a canonical transformation in the
realm of covariant Hamiltonian field theory. A particularly useful device was the definition of
a gauge field matrix aIJ , with each matrix element representing a 4-vector gauge field. This
way, the mutual interactions of base fields φI and both sets of gauge fields, aIJ and bJ , attain
a straightforward algebraic representation as ordinary matrix products.
Not a single assumption or postulate needed to be incorporated in the course of the
derivation. Moreover, no premise with respect to a particular “potential energy” function was
required nor any draft on a “symmetry breaking” mechanism. The only restriction needed to
render the theory consistent was to require the mass matrix to be orthogonal.
Requiring a theory to be form-invariant under the SU(N) gauge group generally enforces
all gauge fields to be massless. Yet, we are free to define other local gauge groups, under
which we require the theory to be form-invariant. Defining a local shifting transformations of
the base fields means to submit the given system to the action of fluctuating background fields.
A local gauge invariance of the system’s Hamiltonian then actually requires the existence of
massive gauge fields. Specifically, the formalism enforces to introduce both a set of massless
gauge fields and a set of massive gauge fields.
The various mutual interactions of base and gauge fields that are described by the
corresponding gauge-invariant Lagrangian L3 give rise to a variety of processes that can be
used to test whether this beautiful formalism is actually reflected by nature.
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